In this note we study some properties of topological entropy for noncompact non-metrizable spaces.
An infinite subset A ⊂ N 0 is relatively dense (or syndetic) if there is k > 0 such that {n, n + 1 . . . , n + k} ∩ A ∅ for all n ∈ N 0 (this means that gaps are bounded); and is thick if A intersects every syndetic subset of N 0 .
A point x ∈ X is (1) recurrent if N f (x, U) ∅ for any neighborhood U of x;
(2) minimal (or almost periodic) if N f (x, U) is syndetic for any neighborhood U of x; (3) non-wandering if N f (U, U) ∅ for any neighborhood U of x.
Denote the sets of all minimal, all recurrent, and all non-wandering points of f by M( f ), R( f ), and Ω( f ), respectively.
A dynamical system (X, f ) is (1) non-wandering if N f (U, U) ∅ for every nonempty open set U of X; (2) transitive if N f (U, V) ∅ for any nonempty open sets U, V of X;
(3) totally transitive if f n is transitive for any n ∈ N;
(4) weakly mixing if f × f is transitive.
Clearly, a dynamical system (X, f ) is non-wandering if and only if Ω( f ) = X.
Let (X, f ) be a dynamical system and let D and E be entourages of X. A (D, f )chain of length n is a sequence ξ = {x i } n i=0 such that ( f (x i ), x i+1 ) ∈ D for i = 0, . . . , n−1. An infinite (D, f )-chain is called a (D, f )-pseudo-orbit. If there is no danger of confusion, we write D-chain and D-pseudo-orbit instead of (D, f )-chain and (D, f )pseudo-orbit, respectively. A D-pseudo-orbit ξ = {x i } is E-shadowed by a point y ∈ X if ( f n (y), x n ) ∈ E for all n ∈ N 0 . For E ∈ U , use the symbol O E ( f, x, y) for the set of all E-chains {x i } n i=0 of f with x 0 = x and x n = y for some n ∈ N. For any x, y ∈ X, we write
We write x y if x y and y x. The set {x ∈ X | x x} is called the chain recurrent set of f and is denoted by CR( f ). A dynamical system (X, f ) has the uniform shadowing property [3] if for every entourage E of X, there exists an entourage D such that every D-pseudo-orbit is E-shadowed by some point y in X. It is observed that for general topological spaces, metric shadowing and uniform shadowing are independent concepts [3] . However, for a compact metric space, uniform shadowing and metric shadowing are equivalent.
A dynamical system (X, f ) is (1) uniform chain transitive if for any entourage E of X and any two points
(3) uniform chain mixing if for any two points x, y ∈ X and any entourage D of X, there is a positive integer N such that for any n ≥ N, there is a D-chain from x to y of length n.
A point x ∈ X is an equicontinuous point for f , or say that f is equicontinuous at x, if for every entourage E of X, there exists an entourage D so that (x, y) ∈ D implies ( f n (x), f n (y)) ∈ E for all n ∈ N 0 . Thus, x is an equicontinuous point if a ∆-chain beginning D-close to x runs along remaining E-close to the orbit of x. There is much stronger condition that a D-chain beginning D-close to x runs E-close to the orbit of x. A point point x ∈ X is called a chain continuity point for f , or say that f is uniform chain continuous at x if, for every entourage E of X, there exists an entourage D such that for any D-pseudo-orbit {x 0 , x 1 , . . . } and any x ∈ X with (x, x 0 ) ∈ D, ( f n (x), x n ) ∈ E for all n ∈ N 0 . Note that in the case of compact metric spaces, for every entourage E of X, there exists ε > 0 such that d −1 ([0, ε]) ⊂ E. Therefore, the above definitions coincide with the usual ones in compact metric spaces. However, this argument does not hold if X is not compact. For example,
Uniform chain transitivity
Proposition 2.1. Let f : X −→ X be a uniform chain transitive map and let E ∈ U . Then, there exists ι E ∈ N such that for any x ∈ X, ι E is the greatest common divisor of the lengths of all E-chains from x to itself.
Proof. Fix any x ∈ X and define ι E (x) to be greatest common divisor of the lengths of E-chains from x to itself. Consider two points x, y ∈ X. Let {y 0 = y, y 1 , . . . , y n = y} be any E-chains from y to itself. We show that ι E (x) divides n. Let {x 0 = x, x 1 , . . . , y, . . . , x mι E (x) = x} be an E-chain from x to y and back to x. The E-chain {x 0 = x, x 1 , . . . , y, y 1 , . . . , y n = y, . . . , x mι E (x) = x} from x to itself has length mι E (x) + n.
Since mι E (x) + n is necessarily a multiple of ι E (x), n is as well.
For E ∈ U define a relation on X by setting x ∼ E y if there is an E-chain from x to y of length a multiple of ι E . And we define another equivalence relation on X by saying x ∼ y if x ∼ E y for all E ∈ U . There are ι E equivalence classes for ∼ E , f cycles among the classes periodically, and each class is invariant under f ι E . Proof. Let E, E ∈ U be such that 2E ⊂ E. It is clear that the relations ∼ E and ∼ are closed. To see that ∼ E is open, observe that an E -chain is an Echain. Since f is uniform chain transitive, there is an E − chain from x to y for any points x and y, if x ∼ E y, the length of the uniform chain be a multiple of ι E . Thus there is an E− chain of the same length from x to any point within E of y.
Proof. For the sake of contradiction, suppose ι > 1. Let Proof. By defination, if f is uniform chain mixing it is totally uniform chain transitive. By last proposition there is only one ∼ equivalence class, then for any entourage E and any x, since 1 is the GCD of the lengths of E− chains from x to itself, there exist E− chains from x to itself of lengths m and n with m and n relatively prime. By concatenting copies of these loops, we can get an E− chain from x to itself of length N for any N > mn − m − n. By compactneess, there is an M > 0 such that between any two points in X there is an E− chain of length less than or equal to M. By adding a loop at x to a chain from x to y, we can get an uniform chain rfom x to y of any length greater than M + N, so f is uniform chain mixing.
The proof of the following proposition is similar to Theorem 2.5. Proposition 2.6. Let (X, U ) be an connected uniform space. If f is uniform chain transitive, then f is uniform chain mixing. Corollary 2.7. Let (X, U ) be an connected uniform space and f : X → X be uniformly continuous. Then the following are equivalent:
(1) f is uniform chain recurrent.
(2) f is uniform chain transitive.
(3) f is totally uniform chain transitive.
(4) f is uniform chain mixing.
Proof. Clearly (4) ⇒ (3) ⇒ (2) ⇒ (1). By 2.6, (2) ⇒ (4). So we prove that (1) ⇒ (2). . Suppose that f is uniform chain recurrent and E ∈ U . We say that x and y are E-chain equivalent if x E y and y E x. Since f is uniform chain recurrent, this is an equivalence relation. Let x and y be E-chain equivalent. Choose an entourage D with D 2 ⊂ E such that the inclusion (u, v) ∈ D implies that ( f (x), f (y)) ∈ E. Now we show that x is E-chain equivalent to an arbitrary z ∈ D[y]. Let {x 0 = x, x 1 , . . . , x n = y} be an E-chain from x to y and let {z 0 = y, z 1 , . . . , z m = y} be an D-chain from y to itself. Then {x 0 = x 0 , x 1 , . . . , x n = y = z 0 , z 1 , . . . , z m = z} is an E-chain from x to z. Similarly, let {y = y 0 , y 1 , . . . , y p = x} be an E-chain from y to x. Then {z = z 0 , z 1 , . . . , z m = y = y 0 , . . . , y n = x} is an E-chain from z to x. Thus x is E-chain equivalent to z. This implies that the equivalence class [x] is open and therefore closed. Connectivity implies that X = [x] . That is f is uniform chain transitive.
Uniform shadowing property
Proposition 3.1. If the dynamical system (X, f ) has the uniform shadowing property, then the following are equivalent (i) (X, f ) is uniform chain mixing;
(ii) (X, f ) is topologically mixing. A map f of a uniform space X with basis of entourage U into itself is said to be a contraction if, for every pair of points x, y of X and every entourage V of U , 
Proposition 3.3 (isometries unif spac). [1]
For a transformation f of a uniform space X on itself to be an isobasism with respect to some basis of entourages it is necessary and sufficient that the group { f n : n ∈ Z} of forward and backward iterates of f be uniformly equicontinuous. If X is totally bounded, it is sufficient that the family { f n : n = 0, 1, ...} of forward iterates of f be uniformly equicontinuous Proposition 3.4. [1] If G is a uniformly equicontinuous group of mappings of a uniform space E on itself, then there exists a basis of entourages B on X such that every mapping f of G is a B-isobasism.
Proposition 3.5 (refff).
Let (X, f ) be a dynamical system with X a compact metric space and f a surjective map. The following conditions are equivalent:
(1) f is uniform chain continuous at every point of X.
(2) (X, f ) is equicontinuous, and X is a totally disconnected space. Proposition 3.6. [3] Let X be a first countable, locally compact, paracompact, Hausdorff space and f : X → X an expansive homeomorphism with the uniform shadowing property.
Then Ω( f ) can be written as a union of disjoint closed invariant sets on which f is topologically transitive. If X is compact, then this decomposition is finite. Proof. Choose E ∈ U such that E 2 ⊂ U and choose an entourage D ⊂ E such that every D-pseudo orbit can be E-shadowed by some point in X. ChooseD witĥ
. . , f −k (z)}, then ξξξ . . . is an infinite D-pseudo orbit for f . Let w ∈ X be a point which E-shadows this pseudo orbit. Then we obtain (z, f ik (w)) ∈ E for each i ≥ 0. In particular let y ∈ O(w, f k ) be a minimal point for f k (existence is by Zorn's lemma). Then y ∈ M ( f ) and we obtain ( Corollary 3.10. Let (X, U ) be an uniform space and let f : X → X be a continuous map with uniform shadowing property, then Ω( f ) n = M ( f ( n)). Proposition 3.11. [1] The uniform space X is uniformly connected if and only if for each pair of points x, y ∈ X and each entourage E of X we have (x, y) ∈ E n for some integer n. Lemma 3.12. Let (X, U ) be an uniform space and f : X → X be totally transitive then f is weakly mixing.
Proof. Assume that U and V be two nonempty open subsets of X. By Corollary 3.8
Which implies that f is weakly mixing. Lemma 3.13. Let (X, U ) be an uniform space and f : X → X be weakly mixing. Then f (k) is transitive for any k ≥ 1
for any finite collection of open sets {U i : i = 1, 2, . . . , k} and {V i : i = 1, 2, . . . , k}. As a consequent we obtain . . , f n−1 (z i ), v} is a D-pseudo orbit and is E-shadowed by some point x ∈ X. Then x ∈ E[u] and x ∈ f −(m+n) (E[v] ). Hence x ∈ U ∩ f −(m+n) (V). Since m ∈ N is arbitrary we obtain {n + 1, n + 2, . . . } ⊂ N(U, V). Corollary 3.15. Let (X, U ) be an uniform space and f : X → X be a continuous map with uniform shadowing property. Then the following statements are equivalent:
(1) f is totally uniform chain transitive (2) f is uniform chain transitive (3) f is mixing Example 3.16. [3] Let P = R \ Q. Suppose that a = {a i } i∈Z ⊂ P is an increasing bi-sequence for which there exists a positive integer k such that a i + 1 = a i+k for all Figure 1 )Then the family B = {U a } is a filter base and the uniformity generated by this filter base generate a topology in which any point of P is isolated. Let S 1 be the unit circle. Consider the uniformity U on S 1 -just taking the projection modulo Proof. As we have seen in the proof of Theorem 2.5, it is suffices to show that f is weakly mixing or equivalently f × f is transitive. Since f has uniform shadowing property then f × f has so.
Since
Since f × f has the uniform shadowing property by Theorem ?mypaper?? it's enough to show that f × f is uniform chain transitive. Let (x, y), (x , y ) ∈ X × X, and D ∈ U X×X . ChooseD ∈ U X×X such thatD 2 ⊂ D. Since X × X is connected, there exist finitely many points (z 1 , w 1 ), . . . , (z k , w k ) ∈ X × X such that (z 1 , w 1 ) = (x, y) and (z k , w k ) = (x , y ) and Recall that a locally compact Hausdorff topological space X is totally disconnected if and only if it has a basis of topology consisting of compact open sets. Proposition 3.20. Let (X, U ) be a compact uniform space and f : X → X be a continuous surjection. Then f has uniform shadowing property if and only if X is totally disconnected.
( f ki n (y), z) ∈ U and ( f ki n +1 (y), f (z)) ∈ U for i n ≥ i 0 . This construct an U-chain from z to z. Therefore z ∈ CR( f ) = Ω( f ).
Let f be a uniformly continuous self-map on the uniform space (X, U ) and let K ∈ K (X). Given an entourage E and natural number n, a subset A ⊆ K is called an (n, E, f )-spanning set for K provided that
By compactness, there are finite (n, E, f )-spanning sets for K. Let span(n, E, K, f ) be the minimum cardinality of an (n, E, f )-spanning set for K. Define h u ( f, K) = sup{span(U, K, f ) : U ∈ U };
h u ( f ) = sup{h span ( f, K) : K ∈ K (X)}.
This gives the notion of uniform entropy which is coincide with topological entropy.[dik?????] Corollary 3.23. Let (X, U ) be a compact connected uniform space and f : X → X be a continuous map with uniform shadowing property. If h u ( f ) = 0, then ω( f ) is totally disconnected and f | Ω( f ) is an equicontinuous homeomorphism.
